We compute the beta functions of the three Standard Model gauge couplings to four-loop order in the modified minimal subtraction scheme. At this order a proper definition of γ5 in D = 4 − 2ǫ space-time dimensions is required; however, in our calculation we determine the γ5-dependent terms by exploiting relations with beta function coefficients at lower loop orders.
Introduction. Beta functions are fundamental quantities of quantum field theories. They are important ingredients of the renormalization group equations and determine the energy dependence of the couplings. The perturbative coefficients that are currently available enter into a variety of applications, among which is the running of the Standard Model (SM) couplings from the electroweak scale to the scale where the coupling of the quartic terms in the scalar potential turns negative and the vacuum becomes unstable [1] [2] [3] . A precise running of the coupling constants is also needed in the context of the prediction of Higgs boson masses within the Minimal Supersymmetric extension of the SM (MSSM). In the approach discussed, e.g., in Ref. [4] , all SM quantities are evolved to the supersymmetric scale, which is usually of the order of a few TeV, where the matching between the SM and the MSSM is performed.
The gauge structure of the SM of particle physics is given by SU(3) × SU(2) × U(1), and thus there are three gauge couplings. In this letter we compute their beta functions to four-loop accuracy, with the only approximation that the Yukawa couplings of the first and second generations are set to zero. For our calculation we adopt the widely-used MS scheme. Furthermore, since the beta functions are mass-independent, we can work in the unbroken phase of the SM in which all particles are massless.
Within the SM a number of correction terms to the various beta functions are available. The discovery of asymptotic freedom in non-abelian gauge theories [5, 6] prompted the computation of two-loop corrections within the strong sector of the SM, which became available shortly afterwards [7] [8] [9] [10] . Three-and four-loop corrections have been computed in [11, 12] and [13, 14] respectively, and recently even the five-loop term became available [15] [16] [17] .
Two-loop corrections to the beta functions of all couplings of the SM can be found in Refs. [18] [19] [20] [21] , and the * joshua.davies@kit.edu † florian.herren@kit.edu ‡ cpoole.ac@gmail.com § matthias.steinhauser@kit.edu ¶ aethomsen@cp3.sdu.dk three-loop corrections to all gauge coupling beta functions have been computed in [22] [23] [24] . The three-loop Yukawa coupling beta functions have been considered in [25] [26] [27] [28] and the scalar self coupling beta functions in [29] [30] [31] . At four-loop order partial results are available; in [32, 33] the scalar self coupling beta function and in [34, 35] the top quark Yukawa contributions to the QCD beta function have been computed.
In the approximation that the Yukawa couplings of the first and second generation fermions are neglected, the SM has seven couplings. Their beta functions are defined as
with i = 1, . . . , 7, where d = 4 − 2ǫ is the space-time dimension, µ is the renormalization scale and {α j } denotes dependence on all seven couplings. α 1 , α 2 and α 3 are the three gauge couplings, which we define using a SU (5)-like normalization
where α QED is the fine structure constant, θ W is the weak mixing angle and α s is the strong coupling constant. In order to fix the Yukawa couplings, we provide the corresponding part of the Lagrange density,
where τ 2 is the second Pauli matrix, Q L and L L are the 3rd generation left-handed quark and lepton doublets, Φ the Higgs doublet and t R , b R , τ R the right-handed top, bottom and τ fields. We use the coupling factors y i to define the third-generation Yukawa couplings as
Finally, we provide the quartic term of the scalar potential, which fixes α 7 :
The beta functions are obtained from the renormalization constants using the formula (see, e.g., [22, 23] )
where the renormalization constants are obtained from the relations between the bare and renormalized couplings,
Note that the Yukawa and self couplings enter the gauge coupling renormalization constants for the first time at two-and three-loop order, respectively. Thus, from Eq. (6) one learns that the four-loop gauge coupling beta functions require the knowledge of the two-loop Yukawa coupling beta functions and one-loop beta function for α 7 .
Weyl consistency conditions. As we will discuss below, the computation of the renormalization constants can be reduced to the evaluation of massless four-loop two-point functions. Although methods for this have been available for a few years, to date the four-loop corrections to the beta functions in the electroweak sector have not been computed. The main reason for this is connected to traces containing an odd number of γ 5 matrices: whereas at three-loop order a semi-naive treatment is possible, a proper treatment is (in principle) required at four loops. The classes of diagrams that might require such a treatment need to have at least two (open or closed) fermion lines with sufficiently many vertices. In our case, only the diagram classes shown in Fig. 1 satisfy this criterion. For massless fermions the diagrams in the top row are zero, since all traces involve an odd number of gamma matrices. Furthermore, in the left diagram in the second row the dangerous contributions cancel due to anomaly cancellations within the SM. This leaves only the class of diagrams with two fermion loops that are connected by one vector and two scalar bosons. In Refs. [34, 35] such diagrams have been considered for the case where the gauge boson is a gluon. In order to treat the problematic traces, the cyclicity of the traces was abandoned, and different results were obtained depending on what starting point was used to write down the traces.
In the literature one finds various prescriptions for the treatment of γ 5 in D dimensions, see, e.g., Refs. [36] [37] [38] [39] [40] . Many of these have been successfully applied in various calculations either in pure QCD or at lower loop order. In our opinion there is no practical prescription that can be applied at fourth order in perturbation theory. However, very recently in Ref. [41, 42] Weyl consistency conditions [43] [44] [45] [46] have been used in order to establish, with the help of "Osborn's equation", relations between coefficients of the general four-loop gauge, three-loop Yukawa and two-loop scalar beta function. It was realized in [41, 42] that these relations fix all nontrivial γ 5 contributions to the four-loop gauge coupling beta function in terms of known coefficients of the threeloop Yukawa beta function. In particular, the results of [41, 42] could resolve the ambiguity of the four-loop top Yukawa contribution to the beta function of the strong coupling constant, identified in [34, 35] .
This observation fixes the outline for our computation; we decompose the beta functions into colour structures of the three gauge groups. We then perform an explicit computation of those parts of the renormalization constants that do not involve traces with an odd number of γ 5 matrices and fix the remaining parts using the results obtained in [41, 42] . In addition, in Refs. [41, 42] many further relations have been established that demonstrate the consistency between predictions derived from Osborn's equation and explicit computations.
Calculation. For the computation of the gauge coupling renormalization constants, one can, in principle, use any vertex that contains the respective coupling at tree level. The renormalization constant is then obtained by
where Z vert stands for the renormalization constant of the vertex and Z k,wf for the wave function renormalization constants (k runs over all external particles). For the SU(2) and SU(3) gauge groups, it is advantageous to choose the ghost-gauge-boson vertices since one has to deal with fewer diagrams, amounting to O(350, 000) for SU (2) and O(200, 000) for SU(3) at four-loop order. For the U(1) gauge group, it is sufficient to consider the gauge boson propagator renormalization constant for which O(200, 000) four-loop diagrams have to be computed. Sample Feynman diagrams for the various Green's functions we consider are shown in Fig. 2 . Our calculation is based on a well-tested setup, which uses qgraf [47] for the generation of the amplitudes and q2e and exp [48] [49] [50] for the mapping to integral families and generation of FORM [51] code. We use color [52] for the computation of the SU(2) and SU(3) colour factors. Before the computation we combine diagrams with the same colour structure and integral family to form socalled "superdiagrams", which guarantees possible can- cellations at earlier stages of the calculation. This reduces the computational effort required.
In the unbroken phase of the SM, all particles are massless, and thus all two-point Green's functions lead to massless propagator-type integrals up to four loops. Furthermore, one may set one of the external momenta of the three-point Green's functions to zero. This is possible since the diagrams are logarithmically divergent, and thus the ultra-violet divergences, which must be computed to obtain the renormalization constants in the MS scheme, are independent of kinematic quantities. Consequently, one only needs to compute massless propagator-type integrals up to four loops; this also holds for vertex corrections. For this task we use the program FORCER [53] .
In our calculation we use an anti-commuting γ 5 , with γ 2 5 = 1, and set traces with an odd number of γ 5 occurrences to zero. These contributions to the beta functions (and thus to the gauge coupling renormalization constants) are reconstructed using the approach described in the previous section. Note that the ghost-gauge-boson vertices do not suffer from ambiguities related to γ 5 . This allows us to reconstruct the non-trivial γ 5 contributions to the renormalization constants of the gauge boson wave-functions.
We retain full dependence on all three gauge parameters during the calculation. Whereas the renormalization constants for the vertices and wave functions still depend on the gauge parameters, the dependence drops out in the renormalization constants of the gauge couplings. This serves as a welcome check of our calculation.
As a further strong check we use the triple gauge boson vertices for the SU(2) and SU(3) gauge bosons to recompute the gauge coupling renormalization constants, and find agreement. Furthermore, we verify by explicit calculation that U(1) loop corrections to the triple gauge boson vertex vanish after all bare Feynman diagrams are added. The calculation of these Green's functions are significantly more costly than our default choice; for this reason we fix the gauge parameters to the Feynman gauge for these Green's functions only.
We have performed several cross-checks of our fourloop expressions with results available in the literature. The pure gauge-fermion parts of β 2 and β 3 agree with the findings for a general Yang-Mills theory with fermions in the fundamental representation [13, 14] . Furthermore, the contributions to β 3 involving only the strong gauge coupling, the top quark Yukawa coupling and the quartic scalar coupling agree with [34, 35] .
Finally, the Weyl consistency conditions from Refs. [41, 42] represent powerful cross-checks on various coefficients in the beta functions, via their relation to the general result. The parametrization of the general four-loop gauge beta function (valid for all renormalizable fourdimensional quantum field theories) has 202 coefficients. As mentioned above, the four calculated in [41] determine all contributions from traces over an odd number of γ 5 matrices, and are used directly in the computation of the beta functions. While we do not yet have a complete determination of the other 198, matching the general result to our SM calculation does uniquely fix 80; comparison with the full set of 261 consistency conditions in [42] (which also involve coefficients of the general three-loop Yukawa beta function) verifies these 80, and fixes another 28. Crucially, we find that these 108 coefficients (and by extension our four-loop computation) are indeed consistent with all Weyl consistency conditions, providing highly non-trivial corroboration.
Results. Our final results for the gauge coupling beta functions contain the full dependence on the gauge and Higgs self couplings and the third generation Yukawa couplings. The analytic results are available in computerreadable from [54] . Due to space restrictions we reproduce below the results for vanishing bottom and tau Yukawa couplings, α 5 = α 6 = 0, and for numerical values of the SU(2) and SU(3) Casimir invariants. They are given by 
order the top quark Yukawa corrections amount to 7% of the corrections to β 3 . It is interesting to note that the remaining terms, computed in this letter, cancel much of this contribution such that at the scale µ = M Z , about 99% of the four-loop coefficient is provided by the pure QCD contribution. At three loops this is not the case; here the remaining terms cancel about 40% of the pure QCD contribution and thus have a significant effect on the value. For this reason, the complete four-loop contribution to β 3 provides a large correction compared to the three-loop contributions. We find that the four-loop contributions to β 1 , β 2 and β 3 amount to 8%, 5% and 127% of the three-loop contributions. Summary. We compute analytic expressions for the four-loop gauge coupling beta functions in the SM, which require a consistent treatment of γ 5 in D = 4 − 2ǫ spacetime dimensions. We circumvent this problem by exploiting the findings of Refs. [41, 42] , which fix the rel-evant terms through relations with known, unambiguous, lower-order results. Our calculation neglects the Yukawa contributions from the first and second generations, which are numerically small; their inclusion would not pose any practical problem. The calculation performed in this letter represents the highest full-SM loop calculation of phenomenologically relevant quantities to date.
